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A statistical model for the equation of state and the composition of supernova matter is presented
with focus on the liquid-gas phase transition of nuclear matter. It consists of an ensemble of nuclei
and interacting nucleons in nuclear statistical equilibrium. A relativistic mean field model is applied
for the nucleons. The masses of the nuclei are taken from nuclear structure calculations which
are based on the same nuclear Lagrangian. For known nuclei experimental data is used directly.
Excluded volume effects are implemented in a thermodynamic consistent way so that the transition
to uniform nuclear matter at large densities can be described. Thus the model can be applied at
all densities relevant for supernova simulations, i.e. ρ = 105 − 1015 g/cm3, and it is possible to
calculate a complete supernova equation of state table. The model allows to investigate the role
of shell effects, which lead to narrow-peaked distributions around the neutron magic numbers for
low temperatures. At larger temperatures the distributions become broad. The significance of the
statistical treatment and the nuclear distributions for the composition is shown. We find that the
contribution of light clusters is very important and is only poorly represented by α-particles alone.
The results for the equation of state are systematically compared to two commonly used models for
supernova matter which are based on the single nucleus approximation. Apart from the composition,
in general only small differences of the different equations of state are found. The differences are
most pronounced around the (low-density) liquid-gas phase transition line where the distribution of
light and intermediate clusters has an important effect. Possible extensions and improvements of
the model are discussed.
PACS numbers: 21.65.Mn 25.70.Pq 26.50.+x 26.60.Kp 97.60.Bw 05.70.Ce
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I. INTRODUCTION
The equation of state (EOS) of hot and dense matter plays a fundamental role in the understanding of core-
collapse supernovae (SNe) and plenty of other astrophysical scenarios, like e.g. mergers of compact stars or cooling
proto-neutron stars. In hydrodynamic simulations of such systems the EOS gives the crucial information about the
properties of matter under these extreme conditions. So far, even the most comprehensive numerical studies of core-
collapse SNe have difficulties to achieve successful explosions within the progenitor mass range 10 M⊙ ≤Mprog ≤ 15
M⊙. Explosions in spherical symmetry where accurate three-flavor Boltzmann neutrino transport can be applied,
have only been obtained for an 8.8 M⊙ O-Ne-Mg-core [1, 2]. In general, multidimensional simulations are expected to
achieve explosions, but they are computationally very expensive [3, 4, 5]. In more detail, several explosion mechanisms
are proposed from different groups: the neutrino-driven [6] the magneto-rotational [7, 8] or the acoustic mechanisms
[9]. In addition to multidimensional effects and the aforementioned mechanisms, an improved EOS, uncertainties in
the neutrino opacities and missing nuclear effects could help to revive the shock wave and finally trigger the explosion.
As an extreme example, in Ref. [10] a successful explosion in spherical symmetry of a 15 M⊙ progenitor star was
obtained, only due to the use of an EOS which incorporates quark degrees of freedom and an appearance of a mixed
phase of quarks and nucleons in the early postbounce phase.
At present, there exist only two (hadronic) EOSs commonly used in the context of core collapse SNe. The EOS
developed by Shen et al. [11, 12] and the EOS from Lattimer and Swesty (LS) [13]. The two EOSs are based on
different models for the nuclear interactions. The former uses a relativistic mean field (RMF) approach, which we
will also apply in our model. Nuclei are calculated in the Thomas-Fermi approximation. The latter is based upon
a nonrelativistic parameterization of the nuclear interactions. Nuclei are described as a compressible liquid-drop
including surface effects. Besides these two, there are plenty of EOSs which focus on particular aspects of nuclear
matter but which are restricted to a certain range in temperature, asymmetry or density. In their range of validity
they give a much more detailed description of the effects occuring there. The main difficulty in the construction of a
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2complete EOS which is suitable for supernova simulations is the large domain in density 104 g/cm3 < ρ < 1015 g/cm3,
temperature 0 < T < 100 MeV and (total) proton fraction 0 < Yp < 0.6 which in principle has to be covered. In
this broad parameter range the characteristics of nuclear matter change tremendously: from nonrelativistic to ultra-
relativistic, from ideal gas behavior to highly degenerate Fermi-Dirac gas, from pure neutron matter to symmetric
matter. All possible compositions appear somewhere in the extended phase diagram: uniform nuclear matter, nuclei
in coexistence with free nucleons, free nucleons with the formation of light clusters, or an ideal gas mixture of different
nuclei, just to mention a few possibilities. Thus one needs a rather simple but reliable model which is able to describe
all the different compositions and the phenomenon connected with them. Furthermore, from a numerical point of
view the calculation of the EOS table itself is also not trivial.
For uniform nuclear matter plenty of different models for the EOS exist and most of them could in principle be
applied in the supernova context. So far, the nuclear EOS at large densities is not fixed and is still one of the main fields
of current research in high energy physics. From the previous paragraph it becomes clear, that in the application for
supernova physics the main difficulties arise below saturation density, where the liquid-gas phase transition of nuclear
matter takes place. Matter becomes non-uniform, as light and/or heavy nuclear clusters (nuclei) form within the free
nucleon gas. The uniform nuclear matter EOS is only one of the essential input information for the construction of an
EOS which is suitable for the description of all possible conditions which typically occur in a core-collapse supernova.
For the non-uniform nuclear matter phase further model assumptions are necessary. In this article we will choose one
particular EOS for uniform nuclear matter and then will mainly focus on the modeling and the resulting properties
of matter below saturation density.
We want to emphasize that this low-density part of the EOS plays a special role in core-collapse supernovae: First of
all, most of the computational time is spent in this low-density regime. Furthermore, the neutrinospheres are located
at densities ∼ 1011 g/cm3. The neutrino spectra, which belong to the most important observables of a supernova, are
formed here and thus carry the information about the properties of low density nuclear matter. As mentioned earlier,
most supernova simulations fail to achieve a successful explosion. The shock front which is initially traveling outwards
after the bounce looses energy due to nuclear dissociation and neutrino emission and finally stalls at densities ∼ 109
g/cm3, see e.g. [14, 15]. In the neutrino reheating paradigm the high energetic neutrinos of the deeper layers heat the
matter between the neutrinospheres and the stalled shock so that the shock is reenergized until it finally drives of the
envelope of the star. Thus the EOS of subsaturation matter is of particular importance for the possible reviving of
the shock wave.
The two EOSs mentioned before have been successfully applied in astrophysical simulations since many years.
However, both of them are based on the single nucleus approximation (SNA) assuming that the whole distribution of
different nuclei which forms at finite temperature can be represented by only one single nucleus. The single nucleus
is found by a minimization procedure of the thermodynamic potential. The SNA has to be seen as a necessary
assumption for any microscopic calculation based on one single unit cell with periodic boundary conditions, as e.g. in
Ref. [16, 17], too. In such microscopic calculations the nuclei are formed out of the nucleons which are placed in the
unit cell just by the nuclear interactions, which is a very convenient aspect of these models. Already in Ref. [18] it was
shown, that under most conditions the EOS is almost not affected by the SNA. But the SNA gives the composition
only in an averaged way, as the spread in the distribution of nuclei can be large. In microscopic calculations quite
often several similar minima of the thermodynamic potential are found, also indicating the occurrence of mixtures of
different nuclei, in contrast to the SNA, see e.g. [16, 17]. Furthermore, in Ref. [19] it was presented for some particular
EOS models, that the SNA leads to systematically larger nuclei, which was already shown in Ref. [18], too. The
distribution of nuclei can influence the supernova-dynamics, as e.g. electron capture rates are modified. The electron
capture rates are highly sensitive to the nuclear composition and the nuclear structure, see e.g. [20, 21, 22, 23]. More
closely connected to the present work, in Ref. [24] the authors investigated models which are based on a distribution of
various nuclei, so called nuclear statistical equilibrium (NSE) models. It was shown with classical molecular dynamics
simulations that these models give systematically larger neutrino cross sections, leading to shorter neutrino mean free
paths. In their study also the importance of the remaining uncertainty regarding the composition was pointed out. We
want to note that the previously mentioned systematic change in the composition within the SNA was not analyzed
in Ref. [24]. The NSE distribution of nuclei was only compared to a SNA system with a nucleus with the mass and
charge of the average of the distribution. The results of Ref. [25] point in the same direction: it was shown that
the proper treatment of a multicomponent plasma leads to greatly reduced ion-ion correlations and thus to increased
neutrino opacities.
There are further limitations of the previously mentioned EOSs, [11, 12] and [13]. Both of them do not include
any nuclear shell effects. A good description of nuclei is only achieved on an averaged basis. It might be seen as
part of the SNA not to attribute any certain shell structure to the single nucleus which only represents the average
of the whole distribution of nuclei. But in cases where only very few different or even only one kind of nuclei appears
(e.g. at low densities and temperatures), shell effects are important and should definitely be taken into account in a
self-consistent way in the composition and in the EOS. Shell effects can substantially alter the composition and are
3crucial for the evaluation of the weak reaction rates with neutrinos and electrons. In our model we do not want to use
the liquid-drop formulation or the Thomas-Fermi approximation, but rather implement as much information gained
from experiments about the nuclear masses as possible. Thus our approach is very contrary to the two other EOSs, in
which the nuclear interactions are the only input information required in the physical model for non-uniform nuclear
matter.
In some supernova EOSs, and also in the LS and in the Shen EOS, the distribution of light clusters is represented
only by α-particles, in the same way as the distribution of heavy nuclei is represented by only one heavy single nucleus.
In the most simple case the α-particles are described as a nonrelativistic, classical ideal gas, without any interactions
with the surrounding nucleons. In contrast to this very simplified treatment, there are studies which focus exclusively
on the role of light nuclei in supernovae and the medium effects connected with them. A model-independent description
of low-density matter is given by the virial equation of state for a gas of light clusters with mass number A ≤ 4,
[26, 27, 28]. In Ref. [29] the composition of this model was compared to the composition of a simple NSE model.
Up to densities ρ ∼ 1013 only small differences were found, mainly an increased α-particle fraction due to attractive
nucleon-alpha interactions in the virial EOS. The more elaborated models of Refs. [30, 31] are based on a quantum
statistical approach. Effects of the correlated medium such as Pauli blocking, Bose enhancement and self-energy are
taken into account, leading e.g. to the merging of bound states with the continuum of scattering states with increasing
density (Mott effect). In both works [30, 31] light clusters up to A = 4 are considered and in Ref. [30] some heavy
clusters in addition. In Ref. [32] the quantum statistical approach is compared to a generalized RMF model which
includes the light clusters as additional degrees of freedoms. In the generalized RMF model the Pauli-blocking shift is
implemented in an empirical form which is derived from the quantum statistical model. In all these studies it is found
that light clusters in addition to α-particles contribute significantly to the composition, with a particular role of the
deuterons. This is also one of the results of Ref. [33], where all stable nuclei with A ≤ 13 are included, but medium
effects are only considered on a simplified level. The inclusion of the additional degrees of freedom of the light clusters
can affect the supernova-dynamics. E.g. in Ref. [29] the influence of light nuclei on neutrino-driven supernova outflows
was studied and a significant change in the energy of the emitted antineutrinos was found. As another example, in
Ref. [28] it was shown, that mass-three nuclei contribute significantly to the neutrino energy loss for T ≥ 4 MeV. A
different topic connected to light clusters is the possible formation of Bose-Einstein condensates, see e.g. [33, 34, 35].
A lot of knowledge about the properties of hot compressed nuclear matter was gained from statistical multifrag-
mentation models (SMM) which are used to analyze low-energy heavy-ion collisions [36, 37]. In Refs. [38, 39, 40, 41]
it was pointed out that the state reached in these experiments (T ∼ 3−6 MeV, ρ ∼ 0.1ρ0, with the saturation density
ρ0) is very similar to the conditions in a core-collapse supernova in the region between the proto-neutron star and the
shock front. It is very attractive that the same well-established models which are used to describe matter in terrestrial
experiments can be applied for matter in some of the most energetic explosions in the universe.
In an astrophysical context these models are usually called NSE models. In this chemical picture the bound states
of nucleons are treated as new species of quasi-particles. NSE models are in principle extended Saha-equations, as
presented in Ref. [42]. Within this approach the whole distribution of light and heavy nuclei can be included by
construction. Furthermore, it is very easy to incorporate experimentally measured masses. This classical approach
gives an excellent description as long as matter is sufficiently dilute that the nuclear interactions are negligible and
if the temperature is so low, that the structure of the nuclei is not changed significantly, see e.g. [43]. If the whole
distribution of nuclei is taken into account, it becomes rather difficult to implement a proper description of the medium
effects on the nuclei, which become important at large densities. Thus, especially the transition to uniform nuclear
matter which happens around 1/2ρ0 leads to difficulties for NSE models. Obviously, in the high density regime
close to saturation density, more microscopic SNA-models give a more reliable description. In this high density
regime also very exotic nuclear structures, commonly called the ”nuclear pasta” phases, appear [44]. In a recent 3D
Skyrme-Hartree-Fock calculation [17] it was shown, that this frustrated state of nuclear matter is characterized by a
large number of local energy minima, for different mass numbers and for different nuclear configurations. Thus one
can expect that many different pasta shapes will coexist at a given temperature and density, which would require a
statistical treatment beyond the present capabilities.
In addition to the subtleties at large densities, the assumption of NSE itself, in the sense that chemical equilibrium
is established, is only valid for temperatures larger than ∼ 0.5 MeV. For lower temperatures, the nuclear reactions are
too slow compared to the typical dynamical timescales of ms within a supernova. Anyhow we will present results below
T = 0.5 MeV for completeness and for the sake of comparison with larger temperatures. For these low temperatures
one has to keep in mind that they do not represent the actual conditions in a SN, but rather the groundstate of matter
after a sufficiently long time.
Before presenting our own model, we want to discuss shortly the characteristics of some of the existing NSE models.
In Ref. [45] Ishizuka et al. included 9000 nuclei from the theoretical mass table of Myers and Swiatecki [46]. Excited
states of the nuclei are treated with an internal partition function in the same manner as we will do. However, the
model of Ishizuka et al. does not consider any nuclear interactions or phenomenological excluded volume corrections.
4In this sense it is a rather pure NSE model. The SMM model of Botvina and Mishustin [38, 39, 40, 41] does not use
any tabulated binding energies, but is based on a liquid-drop parameterization of the nuclear masses. The parameters
of the SMM are extracted from nuclear phenomenology and provide a good description of multifragmentation data.
Shell effects are not included, but in fact they are expected to be weak at the large temperatures for which this
model is designed for. On the other hand the phenomenological SMM allows to include arbitrary heavy nuclei and is
easy to modify to explore certain aspects of the nuclear interactions. E.g. nuclear excited states do not have to be
taken into account explicitly, but temperature effects are included in a temperature dependent part of the nuclear
binding energies, with a separate volume and surface contribution. The SMM also contains an excluded volume
correction, which is equivalent to our formulation at low densities. The NSE model of Blinnikov et al. [47] uses
the tabulated theoretical nuclear binding energies of Ref. [48]. In their model interactions of the free nucleons as
well as the modification of the nuclear surface energy due to the presence of the free nucleons is taken into account.
Nuclear excited states are described by the partition functions of Engelbrecht [49]. Besides the use of different nuclear
interactions and partition functions, the major difference of this model compared to ours, which will be presented
below, is, that excluded volume effects have not been implemented. In all the NSE models discussed above, the
Coulomb energies are included in the Wigner-Seitz approximation, which we will also use in our model.
Despite the principle problems NSE models have to cope with at large densities, we want to construct a NSE model
which allows to bridge the critical region from some percent of saturation density up to uniform nuclear matter. By
using a NSE model we keep the rather simple but accurate description of low-density and low-temperature matter.
For uniform nuclear matter a well-known RMF EOS will be applied. Our new NSE model shall be able to give a
reasonable description of the transition to uniform nuclear matter, which in the microscopic SNA models is achieved
automatically. For that we include the nuclear interactions also in the unbound nucleon contribution below saturation
density. In most cases these interactions are not important, but they become crucial where the free nucleons constitute
a significant fraction and the interactions are necessary for the liquid-gas phase transition. Furthermore, we develop
a thermodynamic consistent description of excluded volume effects, so that we achieve the right asymptotic behavior
for very dense and very dilute nuclear matter. We are aware that we apply the NSE description at densities at which
we can not control all effects of the nuclear interactions any more, and our very phenomenological description becomes
questionable. Anyhow, we want to explore the limits of a NSE model and compare the arising differences to other
existing EOSs. So far an NSE model has never been applied close to saturation density and the existing models are not
able to describe the transition to uniform nuclear matter at all. We can discuss the whole phase diagram of SN matter
within one consistent model and can address all the aspects which were mentioned above, namely the distribution of
heavy nuclei, the importance of the light cluster distribution, or the role of shell effects. As will be presented below,
we will apply the same model which was used for the calculation of the nuclear masses for the interactions of the free
nucleons, so that all nuclear interactions (apart from excluded volume effects) are based on the same Lagrangian.
The article is structured as follows. In Sec. II we will present our statistical model in detail. First we describe
the different components, namely the RMF model for the unbound nucleons and uniform nuclear matter and the
implementation of the nuclei, their excited states and the Coulomb energies. Then we derive a thermodynamic
consistent description of the whole thermodynamic system, including excluded volume corrections. At the end of
Sec. II we address the transition to uniform nuclear matter. In Sec. III we show and discuss our results, first for the
composition and then for the EOS. The results for the EOS of our NSE model are systematically compared to the
Shen and LS EOS. In Sec. IV we summarize and draw conclusions. In the last Sec. V we will give an outlook and
discuss possible extensions of the model. Throughout the paper we use natural units where ~ = c = kB = 1.
II. DESCRIPTION OF THE MODEL
In our model matter consists of nuclei, nucleons, electrons, positrons and photons. In many astrophysical scenarios
neutrinos are not in chemical equilibrium with the rest of the matter and weak equilibrium is not established. Therefore
we calculate the EOS without including the neutrino contribution. In this case the state of electrical charge neutral
matter is well defined by the three independent variables (T, nB, Yp), with the baryon number density nB. In Ref. [50]
it was shown that also in the vicinity of a phase transition the neutrinos do not influence the non-neutrino EOS
and thus can be added separately. Electrons are assumed to be distributed uniformly and are described as a general
Fermi-Dirac gas, including the positron contribution. All Fermi-Dirac integrals for the electrons as well as for the
nucleons were calculated using the very accurate and fast routines from Refs. [51, 52]. Thus the possbible degeneracy
of the nucleons is fully taken into account. The photon contribution (Stefan-Boltzmann law) is also included in the
EOS. The nontrivial part of the model is the description of the baryons, as they are not distributed uniformly and
their interactions are significant. For simplicity, for temperatures above or equal 20 MeV matter is assumed to be
uniform, i.e. without the presence of nuclear clusters.
5n0B [fm
−3] E/A [MeV] K [MeV] M∗/M asym [MeV] Mmax [M⊙]
TMA 0.147 -16.0 318 0.635 30.7 2.0
TABLE I: Nuclear matter and neutron star properties of the relativistic mean field model TMA [53]. Listed are the saturation
density and binding energy, the incompressibility, the effective mass at saturation, the symmetry energy and the maximum
mass of a cold neutron star.
A. Nucleons
For the unbound interacting nucleons (neutrons and protons) a RMF model is applied. Its Lagrangian is based on
the exchange of the isoscalar scalar σ-, the isoscalar vector ω- and the isovector-vector ρ-mesons:
L = ψ¯ [iγµ∂
µ −M − gσσ − gωγµω
µ − gργµτaρ
aµ]ψ
+
1
2
∂µσ∂
µσ −
1
2
m2σσ
2 −
1
3
g2σ
3 −
1
4
g3σ
4 (1)
−
1
4
WµνW
µν +
1
2
m2ωωµω
µ +
1
4
c3 (ωµω
µ)2
−
1
4
RaµνR
aµν +
1
2
m2ρρ
a
µρ
aµ,
where
Wµν = ∂µων − ∂νωµ , (2)
Raµν = ∂µρaν − ∂νρaµ + gρǫ
abcρbµρcν .
Non-linear σ and ω terms are included to achieve a reasonable description of the properties of nuclei and of the
equation of state of nuclear matter. For given nucleon densities the implicit equation of motion for the sigma-meson
field needs to be solved numerically to achieve self-consistency. For very low number densities of the nucleon gas
(nnuc < 10
−5 fm−3), where the interactions are negligible, the nucleons are treated as noninteracting ideal Fermi-
Dirac gases for simplicity. The photons and their coupling to the nucleons are dropped at this point, because the
contribution of the free photon gas is added separately to the EOS and the Coulomb energies will be discussed later.
The free parameters in the Lagrangian, the masses of the nucleons and the mesons and their coupling strengths,
have to be determined by fits to experimental data. In this work we use the parameter set TMA [53]. It is based on
an interpolation of the two parameter sets TM1 and TM2 [54], which were fitted to binding energies and charge radii
of light (TM2) and heavy nuclei (TM1). The coupling parameters of the set TMA are chosen to be mass-number
dependent to have a good description of nuclei over the entire range of mass number. For uniform nuclear matter the
couplings become constants.
Table I lists some characteristic properties of the EOS of uniform nuclear matter, namely the saturation properties
and the resulting maximum mass of a cold neutron star. The symmetry energy, saturation density and the binding
energy of symmetric nuclear matter are well determined through the fit to ground state nuclei and lie in the usual
range. The nuclear compressibility is rather high compared to the value ofK = 240±20 MeV [55] or K = 248±8 MeV
[56] deduced with theoretical models from experimental data on isoscalar giant monopole resonances (ISGMR) which
probe nuclear matter slightly below saturation density. However, it is perceived in the literature that the extractation
of K from ISGMR data is not unambiguous as it is dependent on the density dependence of the symmetry energy
of the nuclear interactions which are taken for the analysis of the data [55, 56, 57]. For RMF models without
further constraints on the density dependence of the symmetry energy usually higher values for K in the range of
250 to 270 MeV are obtained [56]. The density dependence of the symmetry energy itself can be probed by different
experimental observables, e.g. by isospin diffusion and double neutron to proton ratios in heavy-ion collisions or the
precise measurement of the neutron skin thickness of 208Pb [58, 59]. A recent compilation of various experimental
results concerning the density dependence of the symmetry energy is given in Ref. [60]. With a rather high pressure
of 4.5 MeV/fm3 of pure neutron matter at saturation density TMA lies still at the border of these experimental
constraints. At several times saturation density experimental flow data from high-energy heavy ion collisions can
be used as a constraint for the EOS. A comparison with the analysis of Ref. [61] shows a good agreement: TMA is
lieing almost completely in the compatible range for an asymmetric stiff EOS. For TMA the maximum mass of a cold
deleptonized neutron star, Mmax = 2.0 M⊙, is well above the largest precisely known mass of 1.67± 0.01 M⊙ of PSR
J1903+0327 [62]. Our choice of the parameter set TMA was mainly due to the availability of a sufficiently large and
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FIG. 1: The phase diagram of bulk nuclear matter calculated with the RMF model TMA [53]. The lines show the binodals for
different Yp, at which the the liquid-gas phase transition of nuclear matter sets in and a mixed phase appears. (color version
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precise mass table (see following subsection). Because of consistency we did not want to combine one theoretical mass
table with a different model for the nuclear interactions. Further details about the parameter set TMA are described
in Refs. [53, 63], general reviews about the relativistic mean field model are given in Refs. [64].
Fig. 1 shows the phase diagram of bulk nuclear matter calculated with the RMF model. For symmetric nuclear
matter a critical temperature of 17.4 MeV is found. At T = 0 MeV the mixed phase ends between 0.63n0B and n
0
B for
the shown values of Yp. At larger densities matter is uniform again. The phase diagram depends stronly on Yp: For
lower proton fractions the mixed phase region shrinks considerably. We will use this phase diagram for comparison
with the NSE model later.
B. Nuclei
In our approach we will preferably use experimentally measured masses for the description of nuclei (mass number
A ≥ 2). We take the nuclear data from the atomic mass table 2003 from Audi, Wapstra, and Thibault (AWT)
[65] whenever possible. It is very convenient that we directly can use experimental data for the construction of the
EOS. We do not take any estimated, non-experimental data of the atomic mass table into account. For nuclei with
experimentally unknown mass we use the results of the nuclear structure calculation [63] in form of a nuclear mass
table. This mass table is based on the same relativistic mean field model TMA which was presented in the previous
section. It lists 6969 even-even, even-odd and odd-odd nuclei, extending from 16O to 331100 from slightly above the
proton to slightly below the neutron drip line. The nuclear binding energies were calculated under consideration of
axial deformations and the pairing was included with a BCS-type δ-force. With these detailed calculations of the
nuclear masses a good agreement with the experimental masses is achieved, with a rms deviation σ ∼ 2.1 MeV [63].
As long as a mixed phase of free nucleons and nuclei is favored instead of uniform nuclear matter, our statistical
description includes all nuclei which are listed in the experimental AWT table or in the theoretical mass table
respectively. Fig. 2 shows all the considered nuclei in a nuclear chart.
At finite temperature excited states of the nuclei will be populated and consequently the number density of a
certain nucleus (A,Z) with mass number A and proton number Z will increase. Instead of including all excited states
explicitly we use a temperature dependent degeneracy function gAZ(T ). It represents the sum over all excited states
of a hot nucleus. We choose the simple semi-empirical expression for gAZ(T ) from Ref. [66]:
gAZ(T ) = g
0
AZ +
c1
A5/3
∫ ∞
0
dE∗e−E
∗/T exp
(√
2a(A)E∗
)
a(A) =
A
8
(1− c2A
−1/3) MeV−1
c1 = 0.2 MeV
−1, c2 = 0.8 , (3)
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FIG. 2: The proton number Z and neutron number N of the nuclei taken from the mass table calculated with TMA [53, 63]
and from the experimental AWT mass table [65].
with g0AZ denoting the degeneracy of the ground-state. g
0
AZ is very small compared to gAZ(T ) and therefore we take
g0AZ = 1 for even and g
0
AZ = 3 for odd A for simplicity. In this way the only information needed about the nuclei are
their ground state masses.
C. Coulomb energies
For the calculation of the Coulomb energies, which play an important role in the determination of the composition,
we assume spherical Wigner-Seitz (WS) cells for every nucleus. For an uniform electron distribution with electrons
present inside and outside of a nucleus (A,Z) one gets a simple expression for the Coulomb energy of the WS cell:
ECoulA,Z = −
3
5
Z2α
R(A)
(
3
2
x−
1
2
x3
)
(4)
x =
(
ne
n0B
A
Z
)1/3
, (5)
where we treated the nuclei as homogeneous spheres with radius R(A) of nucleons at saturation density n0B: R(A) =
(3A/4πn0B)
1/3. ne is the electron number density, which is fixed by charge neutrality: ne = YpnB. The first term in
the brackets corresponds to the Coulomb energy of a point-like nucleus with charge Z within the electron gas. The
second term in the brackets arises due to the finite size of the nucleus, with electrons located inside the nucleus.
We do not include the Coulomb energy of the protons because of the following reasons: In principle they could be
added within the WS approximation in the same way as for the nuclei, without any further complications. But first
of all protons are rather light particles, so that the WS approximation and the above expression for the Coulomb
energy would not be very adequate. Next and more important in our context, even when uniform charge neutral
nuclear matter was reached, the Coulomb energy within the WS approximation would not vanish but would lead to
a spurious contribution to the nuclear binding energy. Instead of the WS approximation one could treat the protons
as an uniform background, which would screen the charge of the electrons and interact with the charge of the nuclei.
Then the Coulomb energy would vanish for uniform nuclear matter as it has to be. But within our description of the
thermodynamic system (which will be presented next) this would lead to numerical complications as an additional
implicit equation had to be solved. Thus for simplicity we neglect the anyhow small Coulomb energy of the protons.
Then the correct limit of vanishing Coulomb energy for uniform nuclear matter is also achieved.
D. Thermodynamic model
In our description we distinguish between nuclei and the surrounding interacting nucleons, and we still have to specify
how the system is composed of the different particles. For nuclei we will apply the following classical description:
All baryons (nucleons in nuclei or unbound nucleons) are treated as hard spheres with the volume 1/n0B so that the
nuclei are uniform hard spheres at saturation density of volume A/n0B. Next, a nucleus must not overlap with any
8other baryon (nuclei or unbound nucleons). Thus the volume in which the nuclei can move is not the total volume
of the system, but only the volume which is not filled by baryons. For the unbound nucleons we use a different
description, because the interactions among them are already included in the RMF model. For unbound nucleons we
only assume that they are not allowed to be situated inside the nuclei. We will discuss these two different excluded
volume corrections in more detail later.
To derive all relevant thermodynamic quantities like e.g. the energy density or the pressure for given (T, nB, Yp),
we start from the total canonical partition function of the system. To do that we will first consider that the entire
set {Ni} of all the particle numbers of electrons Ne, neutrons Nn, protons Np and all nuclei {NA,Z} is fixed (the
trivial photon contribution is taken out of the following derivation). In our model the total energy can be split into
the contribution of electrons, nucleons, nuclei and the Coulomb energy. Thus the total canonical partition function is
given by the product of the partition functions of the four different contributions:
Z(T, V, {Ni}) = Ze Znuc
∏
A,Z
ZA,Z ZCoul , (6)
with V denoting the volume of the system. From the canonical partition function the canonical thermodynamic
potential follows, which is the Helmholtz free energy:
F (T, V, {Ni}) = −T lnZ (7)
= Fe + Fnuc +
∑
A,Z
FA,Z + FCoul . (8)
In the following the different contributions to the free energy will be discussed separately in detail.
The free energy of the electrons Fe = −T lnZe is given by a general noninteracting ideal Fermi-Dirac gas, including
antiparticle contributions:
Fe(T, V, {Ni}) = F
0
e (T, V,Ne) . (9)
The electrons are distributed over the entire volume and are not influenced by the excluded volume effects. Then the
Coulomb free energy has the following simple form:
FCoul(T, V, {Ni}) = FCoul(T, V,Ne, {NA,Z})
=
∑
A,Z
NA,ZE
Coul
A,Z (V,Ne) . (10)
From Eq. (4) and (5) it is clear that the Coulomb free energy actually depends only on the number density of the
electrons, ne = Ne/V , which is fixed by charge neutrality, ne = YpnB, and the numbers of protons Np and nuclei
{NA,Z} but not on the volume. Thus the Coulomb free energy is also not modified by the excluded volume corrections.
The volume available to the nucleons is reduced by the volume which is filled by nuclei. Therefore the free energy
of the nucleons Fnuc = −T lnZnuc is the free energy calculated with the unmodified RMF model F
0
nuc for the available
volume V ′ which is not filled by by the volumes of the nuclei:
Fnuc(T, V, {Ni}) = F
0
nuc(T, V
′, Nn, Np) (11)
V ′ = V −
∑
A,Z
NA,ZVA,Z (12)
VA,Z = AV0 = A/n
0
B . (13)
If no nuclei are present we arrive at the unmodified RMF description, as it should be.
Nuclei are treated as nonrelativistic classical particles. Also for the nuclei an excluded volume correction is intro-
duced, but one which has a different character than the one for nucleons. The nuclei are allowed to be everywhere
in the system as long as they do not overlap with any other baryon (nucleons inside of the other nuclei or the free
nucleons). Regarding the effect on the nuclei, the same volume as the one of nucleons in nuclei is attributed to the
free nucleons, so that according to Eq. (13):
Vn = Vp = V0 = 1/n
0
B . (14)
Every baryon in the system reduces the free volume V¯ in which the nuclei can move:
V¯ = V −
∑
A,Z
NA,ZVA,Z −NnVn −NpVp . (15)
9Thus within our assumptions, the free energy of the nucleus (A,Z) is the usual Maxwell-Boltzmann expression of a
classical ideal gas in the free volume V¯ :
FA,Z(T, V, {Ni}) = F
0
A,Z(T, V¯ , NA,Z) (16)
F 0A,Z = NA,ZMA,Z − TNA,Z
(
ln
(
gA,Z(T )V¯
NA,Z
(
MA,ZT
2π
)3/2)
+ 1
)
. (17)
As the volume appears only in the kinetic part of the free energy, naturally this excluded volume correction does not
modify the rest mass term.
The excluded volume correction of the nuclei represents a hard-core repulsion of the nuclei at large densities close
to saturation density. Instead the modification of the free energy of the unbound nucleons is purely geometric and
just describes that the nucleons fill only a fraction of the total volume. It is important to note that nuclei can not be
present at densities larger than saturation density within this picture, which is reasonable and wanted. This is also
the reason why we chose V0 = 1/n
0
B for the value of the volume of a nucleon, which has to be seen as a free parameter
of the model.
The volume V of the system can be chosen freely and just determines the size of the system. As its value is
completely arbitrary in the thermodynamic limit, a description in which all extensive quantities are replaced by their
corresponding densities is more convenient. The total particle number densities are the numbers of particles per total
volume:
nn/p = Nn/p/V (18)
nA,Z = NA,Z/V . (19)
For the nucleons we introduce the local number densities outside of the nuclei, given by the number of neutrons
respectively protons per available volume:
n′n/p = Nn/p/V
′ . (20)
In the following we will use these local number densities of the nucleons instead of their total number densities, as
they directly set the RMF contribution of the nucleons to the EOS. After introducing the filling factor of the nucleons
ξ = V ′/V = 1−
∑
A,Z
nA,ZVA,Z (21)
= 1−
∑
A,Z
A nA,Z/n
0
B (22)
the total number and the electric charge density of the baryons take on the following form:
nB = (Nn +Np +
∑
A,Z
ANA,Z)/V (23)
= ξ(n′n + n
′
p) +
∑
A,Z
A nA,Z , (24)
nBYp = (Np +
∑
A,Z
ZNA,Z)/V (25)
= ξn′p +
∑
A,Z
ZnA,Z . (26)
ξ = 1 corresponds to the case when only free nucleons are present. For ξ = 0 the nuclei fill the entire space so that
there is no available volume for the free nucleons left.
To replace V¯ in the expressions used later the volume fraction κ is introduced:
κ =
V¯
V
. (27)
It is the fraction of the free volume V¯ in which the nuclei can move of the total volume V . It depends only on nB:
κ = 1−
1
n0BV

∑
A,Z
NA,Z +Nn +Np

 (28)
= 1− nB/n
0
B . (29)
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1 − κ is the volume fraction which is filled by baryons. If κ = 1 (nB = 0) then the free volume is equal to the total
volume, for κ = 0 (nB = n
0
B) the entire space is filled by baryons and the free volume vanishes.
After having specified the free energy, all thermodynamic quantities can be derived consistently in the standard
manner as derivatives of the free energy. Only the internal energy density ǫ = U/V has to be determined by the
inverse Legendre transformation of the free energy density f = F/V , ǫ = f + Ts, with s = S/V denoting the entropy
density.
In the intensive formulation the free energy density becomes:
f = f0e (T, ne) +
∑
A,Z
f0A,Z(T, nA,Z) + fCoul(ne, {nA,Z}) + ξf
0
nuc(T, n
′
n, n
′
p)− T
∑
A,Z
nA,Z ln(κ) , (30)
fCoul(ne, {nA,Z}) =
∑
A,Z
nA,ZE
Coul
A,Z (ne) , (31)
f0A,Z(T, nA,Z) = nA,Z
(
MA,Z − T − T ln
(
gA,Z(T )
nA,Z
(
MA,ZT
2π
)3/2))
. (32)
The first two terms in eq. (30) are the ideal gas expressions of the electrons and the nuclei. The Coulomb free energy
of the nuclei appears in addition. The free energy density of the nucleons is weighted with their volume fraction in
the fourth term. This can be expected as the free energy is an extensive quantity. The last term arises directly from
the excluded volume corrections of the nuclei. Because of this term, as long as nuclei are present, the free energy
density goes to infinity when approaching saturation density (κ → 0). Thus uniform nuclear matter will always set
in slightly before saturation density is reached.
The entropy density can be written in the following form:
s = s0e(T, ne) +
∑
A,Z
s0A,Z(T, nA,Z) + ξs
0
nuc(T, n
′
n, n
′
p) +
∑
A,Z
nA,Z ln(κ) , (33)
s0A,Z(T, nA,Z) = nA,Z
(
ln
(
gA,Z(T )
nA,Z
(
MA,ZT
2π
)3/2)
+
5
2
+
∂g
∂T
T
g
)
. (34)
Analog expressions as in the free energy density appear. As the Coulomb energy is not taken to be temperature
dependent it does not give a contribution to the entropy. In the ideal gas expression of the nuclei, eq. (34), an
additional contribution from the temperature dependent degeneracy arises. The excluded volume correction term in
eq. (33) expresses the reduction of the available number of states for the nuclei with increasing density.
The energy density looks similar:
ǫ = ǫ0e(T, ne) + ξǫ
0
nuc(T, n
′
n, n
′
p) +
∑
A,Z
ǫ0A,Z(T, nA,Z) + fCoul(ne, {nA,Z}) , (35)
ǫ0A,Z(T, nA,Z) = nA,Z
(
MA,Z +
3
2
T +
∂g
∂T
T 2
g
)
. (36)
The total pressure becomes:
p = p0e(T, ne) + p
0
nuc(T, n
′
n, n
′
p) +
1
κ
∑
A,Z
p0A,Z(T, nA,Z) + pCoul(ne, {nA,Z}) (37)
p0A,Z(T, nA,Z) = TnA,Z (38)
where the ideal gas pressure of the nuclei is increased by 1/κ as their free volume is reduced by the excluded volume
of the baryons. pCoul denotes the negative Coulomb pressure:
pCoul(ne, {nA,Z}) = −
∑
A,Z
nA,Z
3
5
Z2α
R(A)
(
1
2
x−
1
2
x3
)
. (39)
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The chemical potential of the electrons is reduced by the Coulomb interactions:
µe = µ
0
e(T, ne) +
pCoul(ne, {nA,Z})
ne
. (40)
The chemical potential of the neutrons and protons is:
µn/p = µ
0
n/p(T, n
′
n, n
′
p) +
1
κ
∑
A,Z
p0A,Z(T, nA,Z)V0 . (41)
Because of the excluded volume corrections mechanical work has to be exerted upon the pressure of the nuclei to add
an additional nucleon. The chemical potential of the nuclei encounters an even stronger modification:
µA,Z = µ
0
A,Z(T, nA,Z) + E
Coul
A,Z (ne) (42)
+

p0nuc(T, nn, np) + 1κ
∑
A,Z
p0A,Z(T, nA,Z)

VA,Z − T ln(κ) , (43)
µ0A,Z(T, nA,Z) = MA,Z − T ln
(
gA,Z(T )
nA,Z
(
MA,ZT
2π
)3/2)
(44)
Besides the chemical potential of an ideal gas the Coulomb energy of the nucleus appears. Furthermore to add an
additional nucleus volume work has to be performed not only against the pressure of the nuclei, but also against the
nucleonic pressure. The last term arises directly from the excluded volume correction and shows the increase of the
chemical potential when the density becomes close to saturation density.
The presented approach for the excluded volume corrections is thermodynamically fully consistent and the part for
the nuclei is equivalent to the method described in Ref. [67] in which a grand-canonical formulation was used.
So far, all the particle number densities, nn, np, {nA,Z}, ne were treated as fixed variables. In the following the
equilibrium conditions for the baryons will be derived for the assumption of baryon number and proton number
(or proton fraction) conservation which is equivalent to baryon number and isospin conservation. The electron
contribution is fixed by charge neutrality. We note that our procedure, to derive the thermodynamic variables from
the thermodynamic potential for given nn, np, {nA,Z}, ne first, and to implement chemical equilibrium of the baryons
afterwards, gives the correct result and is much simpler than doing it the other way round. The equilibrium conditions
only set the baryonic composition but do not change the other thermodynamic functions.
For given nB and Yp the internal variables nn, np and {nA,Z} are no longer independent. After including the
conservation laws with the help of two Lagrange multipliers the first and second law of thermodynamics lead to the
following relation which expresses the chemical equilibrium between nuclei and nucleons:
µA,Z = (A− Z)µn + Zµp . (45)
With this condition only two degrees of freedom (e.g. nB and Yp) remain, which have to be specified. Then Eqs. (41)-
(45) can be combined to
nA,Z = κ gA,Z(T )
(
MA,ZT
2π
)3/2
exp
(
(A− Z)µ0n + Zµ
0
p −MA,Z − E
Coul
A,Z − p
0
nucVA,Z
T
)
. (46)
Because all the baryons (including the free nucleons) contribute equally to the excluded volume of the nuclei, the
pressure of the nuclei drops out in the equilibrium condition Eq. 45 and the number density of the nuclei can be
written in this form.
We want to emphasize that µ0n and µ
0
p contain the RMF interactions of the nucleons. As they appear in Eq. (46)
the interactions of the free nucleons are thus coupled to the contribution of the nuclei. Compared to the generalized
RMF model of Typel et al. [32], the mutual counteracting in-medium self energy and the Pauli-blocking shifts of the
light clusters appear in addition in their model. Furthermore, in our approach the bound nucleons do not contribute
to the source term of the meson fields. In our model the Mott effect and the dissolution of clusters at large densities
is mimicked only by the excluded volume corrections.
The factors ξ and κ in eq. (46) themselves depend on the number densities of the free nucleons and/or nuclei, and
therefore the set of equations (21)-(29) and (46) still has to be solved numerically in a self-consistent way. Within
this formulation the values of n′n and n
′
p determine the total baryon number density and the proton fraction. Thus
for given nB and Yp only two nested root-findings have to be performed, in addition to the root-finding for the RMF
equations for the nucleons. Thermodynamic consistency and consistency of the mass fractions is reached on a high
level within the calculation and the relative error never exceeds 10−6.
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E. Transition to uniform nuclear matter
The non-uniform nuclear matter phase which was described in the previous subsections has to be compared to
uniform nuclear matter, calculated with the RMF model described in Subsec. II A, to determine whether it is ener-
getically favored or not. The excluded volume effects assure that the non-uniform nuclear matter phase with nuclei
will always be replaced by uniform nuclear matter before saturation density is reached. For given number densities
and temperature the corresponding thermodynamic potential which has to be minimized is the Helmholtz free energy.
Within this procedure the temperature, number densities and the Helmholtz free energy would change continuously
across the transition to uniform nuclear matter by construction, but all other thermodynamic quantities would be-
have discontinuously in general. To ensure thermodynamic stability, e.g. with respect to isothermal compression,
∂p/∂nB)T,Yp > 0, thus the use of the Helmholtz free energy is not sufficient. Instead some kind of Maxwell construc-
tion is required for the description of the phase transition from the mixture of nuclei and nucleons as the first phase
to uniform nuclear matter as the second.
Here we take the most simple choice: We connect non-uniform with uniform nuclear matter by requiring local
charge neutrality and the same local proton fraction in both phases. We note that the same mixed phase construction
was used in the LS EOS. This description of the phase transition (locally fixed Yp and local charge neutrality), all its
implications and the derivation of the corresponding equilibrium conditions are given in detail in Ref. [50], denoted
there by case Ic. Besides temperature and pressure equilibrium, only the baryon chemical potential in the form
µB = (1 − Yp)µn + Yp(µp + µe) has to be equal in the two phases. With this choice the two phases behave like
one-component, simple bodies, which means that the total pressure including electrons remains constant across the
transition. By using these stringent conditions we will get discontinuities in the second derivatives of the free energy.
Like in the familiar case of the liquid-gas phase transition of H2O a mixed phase will form. Here the mixed phase
consists of non-uniform nuclear matter (as described in the previous subsections) in coexistence with uniform nuclear
matter. The two phases have the same Yp and T but will have different nB in general. Like in water, this mixed phase
is completely characterized by the properties of the first phase at the onset and of the second phase at the endpoint
of the phase transition and the volume fractions of the two phases which is set by nB. During the transition the
properties of each of the two phases remain the same, it is only the volume fraction which is changing. This makes
this mixed phase very easy to calculate. Furthermore another simplification is used: the point at which the pressure
in the two phases is equal is determined in an approximative way. To save computational time the two phases are only
compared at the density grid-points of the final EOS table. Then the two phases are connected by a thermodynamic
consistent interpolation. We want to stress that the liquid-gas phase transition of nuclear matter is almost completely
described by the statistical model alone. It is only the transition to uniform nuclear matter for which we need the
mixed phase construction. An explanation why uniform nuclear matter is not reached automatically is given in the
following.
In the bulk approximation the following behavior for the transition to uniform matter, i.e. close to the endpoint
of the liquid-gas phase transition (see Fig. 1), is expected: Besides of the restricted parameter-space in (T, Yp) where
retrograde condensation takes place, the volume fraction of the liquid phase (nuclei) grows with increasing density
until this phase occupies the entire space, the gas phase disappears and uniform nuclear matter is reached, see [68, 69].
In our model the mass and charge number of the nuclei is limited by the nuclear mass table and thus the nuclear
clusters are not able to grow arbitrary in size. Still it is possible that the volume fraction of nuclei approaches unity,
but as the nuclei are described as unchangeable particles they are obviously not able to evolve to uniform nuclear
matter, and the Maxwell construction is necessary. With this construction the non-uniform phase consisting of nuclei
and nucleons is replaced successively by uniform nuclear matter with increasing density. One can interprete the second
phase (uniform nuclear matter) as an infinitely large, charge neutral cluster with fixed Yp which occupies a volume
fraction which increases with density. This interpretation of the denser phase in the phase transition is also used
in Refs. [70, 71]. In these works an analytic solution of a simplified SMM in the thermodynamic limit was studied,
in which excluded volume effects were treated self-consistently. The behavior of the mixed phase in our model is
qualitatively similar to their results or of e.g. Ref. [69] in which bulk nuclear matter was studied. Interestingly, the
results of the recent work [17] seem to indicate, that even within a 3D Skyrme-Hartree-Fock calculation the phase
transition to uniform nuclear matter requires a mixed phase construction.
III. RESULTS
A. Composition
Fig. 3 depicts the composition in terms of the average mass number of the heavy nuclei 〈A〉 =∑
A,Z≥6AnA,Z/
∑
A,Z≥6 nA,Z as a function of nB for β-equilibrated neutrino-free matter, i.e. µn = µp−µe. Here and
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FIG. 3: The average mass number of heavy nuclei 〈A〉 as a function of the baryon number density nB in β-equilibrium. The
results of the present work at T = 0.1 MeV are compared to the results from Ref. [72] at temperature T = 0 MeV, which are
also based on the mass table TMA but in which the lattice energy is included explicitly.
in the following we use the proton number to differentiate between light (Z ≤ 5) and heavy (Z ≥ 6) nuclei. The results
of the present investigation at T = 0.1 MeV are compared to a detailed calculation of the outer crust of a neutron
star at T = 0 [72] which is based on the same nuclear mass table TMA. Instead of the simplified manner described
in Secs. II C and IID, in Ref. [72] the Coulomb energy of a body-centred-cubic lattice is incorporated explicitly in
the EOS and only the single ground-state nucleus is determined. For T = 0.1 MeV the temperature effects are small
and only lead to a smoothing of the stepwise change in the composition at T = 0. Regarding the composition, the
good agreement between the two different calculations shows that the simplified treatment of the Coulomb energies
in the statistical model of the present work does not cause any significant differences. We conclude, that an excellent
description of nuclear matter composition at low temperatures and densities is achieved, which incorporates shell
effects.
In both calculations the system exhibits nuclei with smaller Z/A for increasing density, as the electrons become
relativistic and their contribution to the free energy becomes larger. The decrease in Z/A leads to an in overall
increasing mass number, up to nB ∼ 10
−4 fm−3. Shell effects are strongly pronounced: for 10−6 fm−3 < nB < 10
−4
fm−3 only nuclei with the magic neutron number 50 are present and around 10−4 fm−3 only the magic neutron
number 82 is populated. It is important to note that up to ∼ 3 × 10−5 fm−3 the composition is given entirely by
nuclei whose mass is taken from experimental data. Around nB ∼ 2.7× 10
−4 fm−3 the calculation of Ref. [72] ends,
where the so called neutron drip is reached, at which free neutrons begin to appear. In the statistical model the
nucleus 116Se initially remains the favored nucleus after the neutron drip. Then 118Se appears and at larger densities
78Ca, a nucleus with very low Z/A ∼ 0.26 becomes the most abundant nucleus. Obviously, in our statistical model
the composition is restricted on the nuclei which are listed in the used nuclear mass table. This could be the reason
for the unexpected decrease of < A > at densities close to saturation.
We note that our model is actually not very suitable for the description of neutron star matter in the inner crust,
corresponding to the high density part of Fig. 3. In contrast to matter in SN, in neutron stars the proton fraction is
very low causing a large mass fraction of unbound neutrons. Thus the interactions between free neutrons and nuclei,
which change the structure of the nuclei, are very important. Later we will discuss this aspect further. We will
show that for typical supernova conditions, in the regime where the contribution of the nuclei is important, the mass
fraction of free nucleons is low instead.
The phase diagram of nuclear matter, in terms of the composition regarding light and heavy nuclei is depicted in
Fig. 4. The mass fraction of a particle i is defined by Xi = Aini/nB. In Fig. 4 we show the contour lines for a mass
fraction 10−4 of the light nuclei Xa =
∑
A,Z≤5AnA,Z/nB and of the heavy nuclei XA =
∑
A,Z≥6AnA,Z/nB. At
temperatures above 1− 2 MeV and low densities nuclear matter consists almost only of free nucleons. Between 10−7
and 10−5 fm−3 light clusters begin to appear. As will be seen from Fig. 13, discussed in more detail later, these first
light clusters are mainly deuterons. The more symmetric the system is, the earlier is the onset of the light clusters in
form of the isospin symmetric deuterons. For all proton fractions some light clusters are present up to nB ∼ 1/2 n
0
B
where uniform nuclear matter is reached. Only for temperatures below 1− 2 MeV the system consists almost entirely
of heavy nuclei.
At the transition to uniform nuclear matter the following observations can be made: At low temperatures, T ≤ 2
MeV, the transition density where uniform nuclear matter is reached is increasing with the proton fraction from
nB = 0.3n
0
B to 0.7n
0
B, similar as in the bulk nuclear matter phase diagram of Fig. 1. At the highest temperatures
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FIG. 4: The phase diagram of nuclear matter for different proton fractions Yp in the T −nB plane. Solid (dashed) lines enclose
the region where the mass fraction of heavy nuclei with Z ≥ 6 (light nuclei with Z ≤ 5) exceeds 10−4.
studied, the uniform nuclear matter appears only slightly below saturation density, and the transition density is
almost independent of Yp. Furthermore, for Yp = 0.1 and 0.01 we find that the transition shifts to significantly larger
densities above a certain temperature at which the heavy nuclei disappear.
The phase diagram of heavy nuclei in Fig. 4 can be seen as a manifestation of the liquid-gas phase transition of bulk
nuclear matter, Fig. 1. The critical temperature up to which heavy nuclei are abundant increases from roughly 2 MeV
at Yp = 0.01 up to 20 MeV for symmetric nuclear matter. Obviously, the presented phase diagram depends on the
somewhat arbitrary distinction between light and heavy nuclei by the proton number Z ≤ 5. For example for T ≥ 10
MeV, the heavy nuclei have actually only very low mass and charge numbers. The appearance of these intermediate
nuclei leads to the broad extension of XA at high temperatures in Fig. 4. Nevertheless, if one takes the pecularities of
the different models into account, there is a qualitative agreement with the phase diagrams of e.g. Refs. [12, 13, 69].
Fig. 5 shows again the phase diagram, but this time in the Yp −nB plane for some selected temperatures. Contour
lines for a mass fraction of 0.5 are shown by the thick lines. With this criterion the dominant phase can directly be
identified. For all temperatures, nucleons are the most abundant component for proton fractions below ∼ 0.1. In
this case there are only few protons in the system and thus only a small amount of nuclear clusters can form. For
larger Yp the phase diagrams show a strong temperature dependence. At the lowest temperature T = 0.1 MeV, as
expected, the heavy nuclei fill the rest of the Yp−nB plane up to ∼ 1/2 n
0
B where uniform nuclear matter is reached.
At a temperature of 0.5 MeV a small region in the upper left corner appears which is dominated by light clusters. At
such low densities the heavy nuclei are dissolved into lighter clusters, and as these light clusters are mainly α-particles
(see Fig. 13) because of their relatively strong binding, this happens only at very large proton fractions of ∼ 0.5. At
a temperature of 1 MeV this light cluster region is shifted to higher densities. Again, the light clusters are mainly
α-particles which explains their favorable appearance around Yp ∼ 0.5. At the lowest densities even the light clusters
are dissolved into free nucleons. At densities larger than 10−6 − 10−5 fm−3 the heavy nuclei dominate until uniform
nuclear matter is reached. From T = 5 to 14 MeV light and heavy nuclei appear only in a very narrow density band
between 10−3 and 0.1 fm−3. The region dominated by heavy nuclei shrinks with increasing temperature. For T = 14
MeV the mass fraction of heavy nuclei never exceeds 0.5.
In Fig. 5 also the transition to uniform nuclear matter is illustrated. The dots show the density-grid-points of
the calculation which are based on the Maxwell-construction, as explained earlier. We find that with increasing
temperature the mixed phase region becomes smaller. It even disappears completely for very low Yp and temperatures
≥ 5 MeV, because then the mixture of nuclei and nucleons behaves almost like uniform nuclear matter. Due to the
same reason the transition is shifted to larger densities. For T ≤ 5 MeV, where many heavy nuclei exist, the mixed
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FIG. 5: The phase diagram of nuclear matter for different temperatures in the Yp − nB plane. Thick (thin) solid lines enclose
the region where the mass fraction XA of heavy clusters with Z ≥ 6 exceeds 0.5 (10
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mass fractions of light clusters Xa with Z ≤ 5. Dots mark the densities which lie in the mixed phase of the Maxwell-transition
from non-uniform to uniform nuclear matter.
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FIG. 6: The mass fraction of heavy nuclei XA as a function of the baryon number density nB for a temperature T = 0.1 MeV
and different proton fractions Yp.
phase becomes most extended at low Yp ∼ 0.2. On the contrary, at larger Yp the Maxwell transition region becomes
narrower.
The independence of the phase diagram on the density at T = 0.1 MeV is further analyzed in Fig. 6. There the
mass fraction of heavy nuclei is shown as a function of density for various proton fractions. For such low temperatures
the mass fraction of heavy nuclei is almost constant throughout all densities. This can be explained in the following
way: For all shown values of Yp free protons are never present and therefore all the protons are concentrated in nuclei.
For proton fractions Yp ≥ 0.3 the system consists almost only of heavy nuclei. Even though the neutron chemical
potential increases slowly with density, the neutron drip (µn = mn) is never reached and as the temperature is low the
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FIG. 8: The mass fraction of free neutrons Xn, free protons Xp, light nuclei Xa, and heavy nuclei XA, as a function of the
baryon number density nB . The columns show the different temperatures T = 1, 5, and 10 MeV (from left to right), the rows
the proton fractions Yp = 0.1, 0.3, and 0.5 (from top to bottom).
free neutron density remains vanishingly small. There will be a critical Y dripp , below which the neutron drip occurs,
with Y dripp ∼ 0.31 in our calculations. For proton fractions below this critical value a dilute free neutron gas with
µn ≃ 0 appears, which leads to the drastic reduction of XA. Under the condition µn ≃ 0 exclusively such nuclei
are being populated, whose two-neutron separation energy are close to zero, which means that they are neutron drip
nuclei. Fig. 7 shows the charge to mass ratio of nuclei which lie on the drip line and of those whose two-neutron
separation energy is negative. They all have Z/A ∼ 0.3. As no free protons are present, the mass fraction of heavy
nuclei is directly determined by the total proton fraction, XA ∼ Yp/0.3 for Yp < 0.31, and is independent of density,
which is in good agreement with the results of Fig. 6.
For higher temperatures the composition changes significantly. Depending on the actual values of temperature,
density and proton fraction, free protons, free neutrons and light and heavy nuclei appear in different concentrations.
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FIG. 9: The average mass and proton numbers < A > and < Z > of heavy nuclei with Z ≥ 6.
Fig. 8 demonstrates that for temperatures of T = 1 MeV and densities up to nB ∼ 10
−8 fm−3 mainly only free
nucleons are present. At larger densities the protons cluster together to form light nuclei and thus the free proton
density vanishes. The light clusters tend to be symmetric and thus the fraction of the free neutrons is reduced by the
same value as the one for protons. Due to the same reason, the maximum mass fraction of the light nuclei is roughly
twice the proton fraction. At densities larger than 10−6 fm−3 heavy nuclei appear and replace the lighter nuclei.
With increasing density the nuclei grow in size and become more asymmetric so that more neutrons are bound in
nuclei. The fraction of heavy nuclei increases further and becomes close to 1 for large proton fractions. As there are
no nuclei with Z/A < 0.1 in the mass table, some free neutrons have to remain for Yp = 0.1. The stepwise change of
the fractions which can be seen for Yp = 0.1 and 0.3 can be attributed to transitions between different nuclei which
give the main contribution to the composition.
At a temperature of T = 5 MeV the free nucleon regime extends up to nB ∼ 10
−4 fm−3. At larger densities the
nucleons are successively replaced by light nuclei. For larger proton fractions there are sufficiently many protons in
the system that finally all the nucleons can be bound to nuclei. Only in these cases a significant contribution of
the heavy nuclei appears, shortly before uniform nuclear matter is reached. At a temperature of 10 MeV the overall
composition looks similar. The onset of the light nuclei takes place at roughly the same density, but their presence
extends up to higher densities. For T = 10 MeV heavy nuclei play only a minor role. Only for large Yp heavy nuclei
appear at all, and then only at densities slightly below the transition to uniform nuclear matter.
The chemical composition regarding the average mass and proton number of heavy nuclei is further analyzed in
Fig. 9. Temperatures and densities are shown for which their mass fraction is large (see Figs. 6 and 8). The first
thing to note is the stepwise increase of < A > and < Z > for T = 0.1 and 1 MeV, which was already seen in Fig. 3
before. For such small temperatures the distributions of nuclei are narrow and < A > and < Z > are mainly given
by one single nucleus. This causes also the steps in the mass fractions observed in Fig. 8 for T = 1 MeV. Shells
effects are strong, as it comes out that most of these nuclei have neutron magic numbers 28, 50, 82, 126 or 184.
This is in strong contrast to models which are based on the Thomas-Fermi approximation [11, 12] or a liquid-drop
parameterization [13], which are not able to reproduce any shell effects. In these models the mass and charge number
change continuously. By looking at the different values of Yp shown in Fig. 9, we find that the largest nuclei appear for
Yp = 0.3. For T = 0.1 and 1 MeV a similar composition is found, differences appear only at low densities. For T = 5
MeV and densities below 10−2 fm−3, where almost no heavy nuclei exist, the average heavy nucleus is 8C, because it
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is the lightest nucleus with Z = 6. At larger densities, when the fraction of heavy nuclei increases, the nuclei grow
in size. For this large temperature we observe a continuous change of the mass and charge number, indicating less
pronounced shell effects and broad distributions.
In the present work the shell structure of nuclei is not modified by the medium. The results of Ref. [73] show that
the impact of the dense electron gas on nuclear properties is rather small. To estimate the role of free nucleons outside
of the nuclei, their local number density n′nuc = n
′
p+n
′
n is depicted in Fig. 10. Only for Yp = 0.1 or at a temperature
of 5 MeV the free nucleon density exceeds 0.01n0B. In the latter case heavy nuclei are only abundant between 10
−2
fm−3 < nB < 10
−1 fm−3. At larger temperatures the free nucleon density increases further, but then the heavy nuclei
only play a minor role, see Fig. 8. At lower temperatures, more heavy nuclei exist in a broader range of density. But
then the nucleon density is only significantly large, if the proton fraction is very low. In typical supernova simulations
the proton fraction for most of the matter is actually rather high, 0.3 < Yp, supporting the neglect of the medium
modifications of the nuclei due to the unbound nucleons.
Fig. 11 depicts the distributions of nuclei with respect to the mass number A. Here we are showing relative yields
YA =
∑
Z nA,Z/
∑
A,Z nA,Z. At a temperature of 0.1 MeV the distributions are sharply peaked. We note that the
distributions at nB = 10
−3 fm−3 and 5 × 10−3 fm−3 lie on top of each other for this temperature. The mean value
< A > of the heavy nuclei with Z ≥ 6 coincides with the peak of the distribution. In this case the single nucleus
approximation should give almost identical results compared to the NSE description. In Fig. 12, which shows the
neutron number distribution, one can see that the dominant nuclei at T = 0.1 MeV have the neutron magic numbers
126 or 184. At nB = 5 × 10
−2 fm−3 the dominant nucleus is already at the border of the nuclear mass table and
therefore no neutron magic number can be identified. At T = 1 MeV temperature effects become visible and the
distributions broaden. The magic nuclei mentioned before (N = 126 and 184) are still strongly populated, but
additional peaks appear. E.g. for nB = 10
−3 fm−3 the strong peaks can be identified with the neutron magic numbers
50, 82 and 126. Nuclei with N = 40 also seem to be rather strongly bound in the model TMA. In general most of the
peaks in the mass distributions can be assigned to neutron magic numbers. As was already found in Ref. [72] for the
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FIG. 11: Mass distributions for selected temperatures and densities for Yp = 0.3. Vertical lines show the average mass number
< A > of the heavy nuclei with Z ≥ 6.
outer crust of neutron stars, proton magic numbers do not play a significant role. The proton number determines the
Coulomb energy of the nuclei. Thus the charge of the nuclei can not be adjusted as freely as their neutron number.
Although for T = 1 MeV the distributions are still sharply peaked, because several peaks with similar yields appear,
it would not be appropriate to use the mean values to describe the charge and mass distributions. E.g. at nB = 10
−2
fm−3 the distribution shows two similar maxima, with the mean value < A > lying in between. Compared to statistical
models which are based on a liquid-drop formulation without shell corrections the typical Gaussian distributions are
not found in the present work because the distributions are dominated by shell effects. In Ref. [41] a shell correction
was included which resulted in a similar delta-function like distribution. At a temperature of 5 MeV, which is larger
than the typical energy associated with shell effects, the neutron magic numbers are still visible, but much weaker. At
large densities the distributions become very broad and extend over the whole nuclear chart. With increasing density
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the typical behavior expected at the liquid-gas phase transition line, compare with Fig. 1, can be identified, as it
was also discussed in Ref. [41]. For nB = 10
−3 fm−3 the distribution is an exponential. With increasing densities it
changes to a flattening power-law. Finally at nB = 5×10
−2 fm−3 the distribution has the typical U-shaped form. For
T = 10 MeV mainly light clusters are populated and the distributions are exponential. For T = 10 MeV only for the
largest density the distribution is power-law like, again an indication for the onset of the liquid-gas phase transition.
At this large temperature shell effects are almost not visible any more.
The contribution of the light clusters is further analyzed in Fig. 13. At a temperature T = 1 MeV the light clusters
are mainly α-particles in the region where they appear in large fractions. With increasing temperature lighter particles
are favored, leading to an increase of the deuteron fraction and a reduction of the α-particles. For T = 10 MeV the
deuteron mass-fraction surmounts the α mass-fraction at almost all densities. For T = 5 and 10 MeV and densities
below 10−4 fm−3 the light clusters are almost exclusively deuterons, but at these densities the light cluster fraction
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FIG. 13: The mass fractions of all light nuclei with Z ≤ 5 Xa, of α-particles Xα, and of deuterons XD.
is relatively small, Xa < 0.01. For the same temperatures but larger densities from nB = 10
−4 fm−3 to saturation
density not only alphas and deuterons are important, but rather the whole distribution of light nuclei. The average
mass and charge number of the light clusters are depicted in Fig. 14. Note that for T = 1 MeV the light nuclei
fraction is actually small for the density range which is shown in Fig. 14. For symmetric matter at T = 1 MeV, the
average light cluster is well represented by 4He. For Yp = 0.3, above 10
−4 fm−3 the average mass < a > and charge
< z > are in general smaller. Close to the transition to uniform nuclear matter very neutron-rich hydrogen isotopes
are formed. The contribution of light, very asymmetric nuclei which form inside the free neutron gas for Yp = 0.1
leads to the second increase of the light cluster fraction seen in Fig. 13 for T = 1 MeV and Yp = 0.1. For T = 5 the
light clusters are mainly deuterons at low densities. At larger densities, < a > and < z > again behave differently for
different Yp. For Yp = 0.1 predominantly light clusters with low charge Z = 1 appear. With increasing density these
hydrogen-isotopes become heavier and more asymmetric, with < z > / < a >∼ 0.2 before matter becomes uniform
nuclear matter. With increasing Yp clusters with a higher charge are populated which are more isospin-symmetric.
Thus with increasing density, the mass does not increase as much as for low Yp. The average mass and charge number
for T = 10 MeV look similar as for 5 MeV, but the distributions are shifted to higher densities. Only above 10−3
fm−3 the deuterons are replaced by heavier particles. Again, the clusters become more symmetric and have larger
proton numbers but lower mass when the proton fraction increases.
B. Equation of State
The thermodynamic potential for given (T, nB, Yp) is the Helmholtz free energy and all other thermodynamic
quantities are derived from it. In Fig. 15 the total free energy density (including baryons, electrons/positrons and
photons) is depicted. As the electron, positron and photon contribution is trivial, we also show the baryonic part
of the free energy. We compare it to the results of LS [13] and Shen et al. [11, 12]. We do not use the routine of
the LS EOS but their table for the potential model SkM* [74], which is publicly available online. For the LS EOS
the temperature of 10.67 MeV is shown, because no entry for T = 10 MeV exists in the chosen table and we do not
want to use any interpolation here. We note that the Shen EOS has a higher incompressibility, K =281 MeV, and
symmetry energy, asym = 36.9 MeV, than the LS EOS, which has K =217 MeV and asym = 31.4 MeV. Thus the
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Z ≤ 5.
Shen EOS represents a stiffer EOS with a higher maximum mass for a cold deleptonized neutron star, Mmax = 2.2
M⊙ [11], than the LS EOS, Mmax = 1.62 M⊙ [75].
It is important that the three different models are based on very different model assumption for the description of
non-uniform nuclear matter, as described in the introduction. Furthermore, they use different models for the nuclear
interactions with different nuclear matter properties (e.g. saturation density, compressibility, symmetry energy). For
the shown temperatures and proton fractions, up to densities of ∼ 10−4 fm−3 the free energies of the three models
are almost identical. Above saturation density the different properties of uniform nuclear matter become visible. The
RMF model TMA used in the statistical model is more similar to the Shen EOS, which is also based on a RMF model,
but on the different parameterization TM1. In the intermediate density range the differences in Fig. 15 are small
and of similar size as the differences between the EOSs of LS and Shen. It is a surprising result that the present,
‘non-microscopic’ model is able to give a reasonable description regarding the equation of state across all densities.
One certain feature of the NSE description can be observed at large temperatures, e.g. at T = 5 MeV: Although
the free energy of uniform nuclear matter is rather large, the free energy is lower than in both of the two single
nucleus approximation-models at 10−3 fm−3 < nB < 10
−2 fm−3. As can be seen in Fig. 11 the distributions develop
from a steep exponential to a very flat power-law shape in this density region. At the beginning of this transition
the light clusters become very abundant, see Fig. 13. Besides a large fraction of α-particles and deuterons all of the
light clusters contribute to the composition. Later we will give further evidence that it is the contribution of light
clusters in the NSE model which leads to the reduction of the free energy as seen in Fig. 15. In the other two EOSs
only α-particles are considered and this behavior can not be observed. However, as was shown in Fig. 10, the free
nucleon density is rather large under these conditions, so that medium effects could lead to changes in the composition.
We will address this aspect further in the conclusions of section IV. For a low temperature of 1 MeV there are no
systematic differences between the three different models. As can be seen from Fig. 13 here the light clusters are very
well described by α-particles, which are included in all three models. At T = 10 MeV the differences of the different
models are in general more pronounced. The lowered free energy of the statistical model is still present, but shifted
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FIG. 15: The baryonic contribution to the free energy (solid black lines) and the total free energy (solid grey lines) per baryon
with respect to the rest mass. The model used in the present investigation (NSE) is compared to the results of Shen et al. [11, 12]
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to slightly larger densities ∼ 10−2 fm−3.
At densities larger than ∼ 10−2 fm−3 the statistical model has a higher free energy than the other two models. Here
the nuclear mass table and the description of the transition to uniform nuclear matter is too restrictive, as the nuclei
can not grow arbitrary in size and are limited in Z/A. The kinks in the baryonic contribution which are visible around
∼ 10−1 fm−3 come from the Maxwell-construction which is used here. A Gibbs-construction in which the requirement
of local proton fraction conservation would be replaced by global conservation of the proton fraction (as discussed
in Sec. II E) would lead to a more continuous transition with an earlier onset of the uniform nuclear matter phase
and a lower free energy. At large temperatures T ≥ 10 MeV and very low Yp the transition is smoother, as expected
from the discussion of Fig. 5, because in this case the contribution of nuclei is low and the non-uniform matter phase
behaves very similar to uniform nuclear matter. In contrast, for Yp = 0.5 and T = 1 MeV the kink in the baryonic
free energy becomes most strongly pronounced. However, these kinks disappear in the total free energy per baryon,
when the electrons are added to the baryons. The total free energy and its first derivatives behave continuously, as
discussed before and as we will also show in the following.
Fig. 16 depicts the entropy per baryon. All models give very similar results for T = 1 MeV. For this low temperature
there seems to be a better agreement of the statistical model with the Shen EOS. The bump around nB = 10
−6 fm−3
which is most dominant at Yp = 0.3 arises when the large light cluster contribution (mostly alphas) is replaced by
heavy nuclei. There the LS EOS shows a rather abrupt change in the entropy. At larger temperatures, the entropy
behaves almost like the one of an ideal gas with s/nB ∝ −ln(nB) + const.. Only above nB ∼ 10
−4 fm−3 deviations
from the ideal gas behavior appear, when light clusters are formed.
For higher temperatures at densities around ∼ 5 × 10−3 fm−3 for T = 5 MeV and ∼ 5 × 10−2 fm−3 for T = 10
MeV the entropy is significantly higher in the statistical model. As noted before, the whole distribution of light and
intermediate clusters is important here and leads to the increased entropy. This increased number of available states
is the reason for the lower free energy discussed before.
For comparison also the total entropy is shown in Fig. 16. No discontinuities are observed, as expected. The total
entropy enables to identify the regions where the nontrivial baryonic contribution is important at all. It is shown
only for the statistical model, because the leptons and photons are treated identical in all three models. At densities
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FIG. 16: As Fig. 15, but now for the entropy per baryon.
below 10−7 fm−3 for T = 1 MeV, 10−5 fm−3 for T = 5 MeV, and 10−4 fm−3 for T = 10 MeV, the electron-positron
plasma determines the entropy almost completely. But at larger densities it is the baryon contribution which gives
the largest contribution to the entropy, and electrons, positrons and photons are negligible. In this density range the
different descriptions of the different models become important. Thus we conclude that regarding the entropy the
different results for the baryonic EOS also affect the total EOS.
Fig. 17 shows the binding energy per baryon, which is directly given by the entropy and the free energy (ǫ = f+Ts).
In the third column of Fig. 17 the energy density of the LS EOS is higher at low densities, because it is shown for the
slightly larger temperature of 10.67 MeV, as mentioned before. At lowest densities the ideal gas limit ǫ = 3/2nBT is
reached in all three models. At T = 1 MeV the fraction of heavy nuclei becomes already important above nB ∼ 10
−8
fm−3. Their binding energy leads to a decrease of the baryonic energy density. At T = 5 and T = 10 MeV the nuclear
interactions become visible above nB ∼ 10
−4 fm−3. In general, the maximum binding energy is achieved close to
saturation density.
In the NSE model, around 10−2 fm−3 for T = 5 MeV and 5 × 10−2 fm−3 for T = 10 MeV, the slightly lower free
energy is more than compensated by the increased entropy and therefore the energy density becomes larger than in
the other two EOSs at these densities. The apparent differences are even more significant than for the free energy and
the entropy, because in the expression for the energy density, ǫ = f + Ts, the difference in the entropy is multiplied
by the temperature. Thus the largest difference in the binding energy is observed for Yp = 0.5 and T = 10 MeV.
As can be seen from Fig. 17 the baryons are most important for the total energy density at intermediate and
very large densities. Again, at low densities, because of the high temperatures, the electron-positron-plasma gives
the largest contribution. At larger densities where the positrons have vanished the electrons become degenerate and
their energy density rises faster than the one of the attractive nuclear interactions. Obviously, the number density
of electrons and their energy density directly depends on the proton fraction Yp. Thus the baryonic contribution
becomes more significant for low Yp. Above saturation density the nuclear interactions become strongly repulsive and
take over to dominate the energy density. The bumps in the nuclear binding energy which appear below saturation
density can still be identified in the total energy density.
In Fig. 18 the baryonic contribution to the pressure is depicted. It is divided by the baryon density and the
temperature is subtracted to see the deviations from the ideal gas pressure more clearly. Presented in this way, the
differences of the three different models become very pronounced. The onset of the nuclear interactions appears
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FIG. 17: As Fig. 15, but now for the binding energy per baryon.
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FIG. 18: As Fig. 15, but now for the pressure divided by the baryon density and with the temperature subtracted, to show the
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FIG. 19: As Fig. 15, but now for the pressure.
similarly as in the case for the energy density. At T = 1 MeV and high proton fractions an increasing fraction
of nucleons is bound to heavy nuclei, which grow in size with density, leading to a decreasing pressure. For larger
temperatures nuclei become important only at larger densities. The baryonic contribution to the total pressure is
important in the same density range as discussed for the energy density. Though the baryonic pressure is negative in
many cases, the total pressure is always positive.
At T = 1 MeV and around nB = 10
−1 fm−3 the pressure increases. Here, matter consists almost exclusively of
heavy nuclei. Now the densities are so large that the excluded volume effects significantly increase the pressure of
the nuclei, see eq. (37). At even higher densities the “repulsive” excluded volume corrections become so strong, that
the transition to uniform nuclear matter takes place. The drop in the pressure (most clearly seen for Yp = 0.5) arises
from the Maxwell construction. In the two other EOSs the transition to uniform nuclear matter is described very
differently, and thus the behavior of the baryonic pressure is different, too.
The baryonic part of the total pressure is depicted in Fig. 19. Here, the pressure is not divided by the baryon
density, as done in Fig. 18. Now one sees that the total pressure remains constant during the Maxwell transition.
This appears as a sharp pressure drop across the transition if not the pressure but P/nB − T is plotted. The use of
a Gibbs-construction with non-locally fixed Yp would result in a strictly increasing pressure.
The neutron chemical potential is shown in Fig. 20, the proton chemical potential in Fig. 21. At T = 1 MeV
the non-monotonic behavior of the chemical potentials of the NSE model is striking. It comes from the rather
discontinuous change in the mass and charge number of the heavy nuclei, as temperature effects are weak, see also
Figs. 9 and 11. Besides this, similar results are found as for the other thermodynamic variables. For T = 5 MeV
around nB ∼ 10
−3 fm−3 the chemical potentials are lower, especially the proton chemical potential at low Yp. We
attribute this to the strong contribution of the light clusters besides alphas. At T = 10 MeV this effect happens at
nB ∼ 10
−2 fm−3 and is even stronger pronounced. At larger densities the excluded volume effects become important
and lead to increased chemical potentials until the phase transition sets in. Here the Maxwell construction is visible as
a rather sharp drop in the chemical potentials, especially pronounced for the proton chemical potential. In our mixed
phase construction, only the total baryon chemical potential for locally fixed Yp and local electric charge neutrality,
µB = (1 − Yp)µn + Yp(µp + µe), is equal in the two phases and remains constant across the transition, see Ref. [50].
The drop of µn and µp across the transition is compensated by the quickly increasing electron chemical potential µe.
To address the origin of the found deviations of the NSE model from the LS and Shen EOS further, the equation of
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state is shown if all nuclei with A < 20 besides nucleons and alphas are taken out in Fig. 22. Now one sees that most
of the additional entropy and energy density can indeed be attributed to the light clusters. The decrease of the free
energy compared to the other two EOSs between nB = 10
−3 fm−3 and nB = 10
−2 fm−3 is not visible any more. The
increase of the free energy before the transition to uniform nuclear matter still remains, as it is caused by different
reasons (limitation of A and Z/A because of the use of a mass table). Anyhow, by looking at the energy density and
the entropy in Fig. 22 one observes that some smaller deviations around nB ∼ 3× 10
−3 fm−3 remain. The remaining
differences are less pronounced and extent over a much smaller range in density.
IV. SUMMARY & DISCUSSION
In this article we presented a new statistical model for a complete supernova EOS, i.e. a model which is in principle
suitable to describe matter under all typical supernova conditions. In our EOS the interactions of the unbound nucleons
are described with a relativistic mean-field model and the parameter set TMA. All nuclei are treated as separate
particle species, using the experimental mass table of Ref. [65] and the theoretical nuclear structure calculations of
Ref. [63], which are based on the same Lagrangian density and parameter set TMA. Excited states of the nuclei
are taken into account by a rather simple semi-empirical degeneracy function. Like in most other NSE models, the
Coulomb energies are included by the Wigner-Seitz approximation, but are neglected for the protons for simplicity
here.
The different components are set together to a thermodynamic consistent model, based on simple phenomenological
and geometrical considerations: We attribute the volume of a hard uniform sphere at saturation density to the nuclei.
Thus the nucleons can only reside outside of the nuclei. The nuclei feel also the presence of the unbound nucleons,
so that the volume available for them is reduced by all the baryons (inside nuclei and in form of unbound nucleons)
in the system. By these assumptions it is assured that nuclei can not exist above saturation density and that the
unmodified RMF description is achieved if nuclei are not present. These excluded volume effects are implemented in
a thermodynamic consistent way, affecting all thermodynamic quantities. Furthermore, within the model the RMF
interactions of the nucleons are coupled to the nuclei via chemical equilibrium.
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The thermodynamic consistent description with excluded volume corrections allows to apply the model at all
densities and thus also the transition to uniform nuclear matter can be described. Still, the description of nuclei as
quasi-particles requires the use of a mixed phase construction, and here we choose the most simple way of a Maxwell
construction, based on locally fixed Yp and local charge neutrality. The phase transition to uniform nuclear matter
occurs in most cases at the expected densities between 1/3n0B and 2/3n
0
B.
Regarding the composition the following results are found. At high temperatures and low densities the clusters
are completely dissolved into an ideal gas of neutrons and protons. With increasing density light clusters form which
finally are replaced by heavy nuclei until uniform matter is reached. The proton fraction Yp sets the maximum
fraction of nuclei. We note that in our calculations the chemical potentials of the nuclei were always low enough to
describe them by a Maxwell-Boltzmann distribution. Before possible condensates of light clusters could form the light
nuclei are replaced by heavy nuclei. Thus we think that for addressing the question of Bose-Einstein condensation in
supernova matter it is necessary to include heavy nuclei, too.
At T = 0.1 MeV up to the neutron drip only heavy nuclei are present, above which a dilute free neutron gas forms.
We compared our composition at T = 0.1 MeV to the one of Ref. [72], and found a very good agreement. Thus we
can conclude that a very accurate description in the low temperature and low density limit is achieved. This makes
our model particular useful for the description of the evolution of the outer crust of a hot proto-neutron star to a cold
deleptonized neutron star.
The nuclear distributions look qualitatively similar to the ones of Ref. [45], where a different NSE model is used.
At low T , due to neutron shell effects, the mass distributions are not the typical Gaussians as in Ref. [41], but have
rather a delta-function-like shape. Nuclei with the neutron magic number N =28, 50, 82, 126 or 184 appear with very
high abundance. The narrow distributions lead to a stepwise change of the average mass number < A > and < Z >
with density, in contrast to the continuous change in the models of LS [13] and Shen et al. [11, 12]. Consequently,
also the mass fractions of the different components show a rather discontinuous behavior. Though the sharply peaked
distributions support the single nucleus approximation (SNA), we find several peaks coming from different nuclei
with similar abundances. Thus the average nucleus does not give a good description of the nuclear distribution. If
the representative nucleus does coincide with the average of the distribution, it still would be necessary to include
shell effects in the SNA. Contrary, at large temperatures the distributions can become very broad which cannot be
taken into account in the SNA. In both cases the effect of the modified composition on capture rates and scattering
amplitudes could be important. At T = 5 MeV and T = 10 MeV the shell effects become so weak, that the typical
behavior of statistical models after the onset of the liquid-gas phase transition1 is recovered: the distributions change
from steep exponentials to broad power-law and finally U-shape distributions with increasing density. For such broad
distributions the mass fractions of the different components change continuously. In general, the mass numbers
increase with density. E.g. at Yp = 0.3 and densities close to saturation all nuclei of the nuclear chart are populated
up to the most heavy and super-heavy nuclei which exist in the mass table used.
In the EOSs of Refs. [11, 12, 13] only α-particles are used to represent light clusters. At low temperatures T ∼ 1
MeV this works well as the α-particles give the main contribution. Then the α-particle fraction is similar in the three
different calculations. At high temperatures the whole ensemble of light nuclei becomes important, with a particular
large contribution from deuterons, as also found in Refs. [26, 27, 28, 29, 30, 31, 32]. The deuterons surmount the
alphas in many cases. At densities slightly below the abundant appearance of heavy nuclei (or the transition to
uniform nuclear matter) the whole ensemble of light clusters gives the main contribution to the composition. Then
also differences in the α-particle fractions of the NSE model compared to the SNA calculations occur and the α-particle
fraction differs significantly (one order of magnitude) from the total light cluster fraction of the NSE model. Here we
find that for very low Yp the light clusters become very neutron rich and heavier compared to large Yp. However, this
might also occur as a compensation of the limited mass table which does not include heavy nuclei with very low Z/A.
We compared the equation of state to the ones of LS and Shen et al. In general, up to densities 10−4 fm−3 the three
models agree very well. The differences of the NSE model to the two other EOSs are comparable to the differences
between the LS and the Shen EOS. The NSE EOS is closer to the results of Shen et al., whose model is based on
a similar RMF parameterization (TM1). At low temperatures strong shell effects lead to narrow distributions in
the NSE model so that the SNA is well applicable. In Refs. [47] a comparison with the Shen EOS also showed the
insensitivity of thermodynamic variables to the underlying physical description. The same result was obtained in
Ref. [41] in which the Statistical Multifragmentation Model (SMM) was compared to the LS EOS. However, at larger
densities in our calculation some significant deviations occur.
In our NSE model the shell effects are weakened at large T , and significant differences around the onset of the
1 To avoid misunderstandings: here we are refering to the binodal surface of bulk nuclear matter shown in Fig. 1 and do not mean our
Maxwell construction to uniform nuclear matter.
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liquid-gas phase transition appear. This happens at nB > 10
−3 fm−3 for T = 5 MeV and nB > 10
−2 fm−3 for
T = 10 MeV. The large contribution of light clusters causes an increased energy density (differences up to ∼10
MeV) and increased entropy per baryon (differences up to ∼1.5), resulting in a lower free energy density in a narrow
density range. The pressure and chemical potentials also become slightly reduced. Compared to the SNA models,
the heavy clusters appear at larger densities. With the onset of heavy clusters a sudden decrease in the entropy
and energy densities is observed. In this density range, one to two magnitudes below saturation density, the baryon
contribution to the total EOS is large, so that the mentioned differences are also significant for the total EOS. It is
important to note that the two different SNA models do not show any remarkable differences here. We think that the
formalism of Ref. [18], in which it was derived that the SNA does not influence the EOS, can not be applied in this
density regime, as a Taylor-expansion around the representative nucleus is used, but the distributions are actually
exponential or power-law. In a study of our NSE model without light nuclei with A < 20 except for the alphas, we
found that the differences became much weaker. Thus we conclude that it is the inclusion of light clusters (which
cannot be represented by alpha-particles in this density regime) which lead to the characteristic shape of the nuclear
distributions and the appearance of heavy nuclei at larger densities. We expect that these effects cause the observed
differences in the EOS compared to the two SNA models. In Ref. [45] a noninteracting NSE model was compared to
the Shen EOS and a bulk RMF EOS. They also found that the differences are most pronounced around the onset of
the liquid-gas phase transition region. They came to the similar conclusion that at the borderline of the liquid-gas
phase transition region (dubbed the boiling point by the authors) fluctuations are large and that it is necessary to
take into account the fragment mass and isotope distribution. Other reasons for the observed differences could be the
phenomenological character of our NSE model, the description of excited states of the nuclei, the different nuclear
interactions, or missing medium effects.
These results also do not take medium modifications beyond the excluded volume effects into account, which become
relevant for the light clusters above nB = 10
−4 fm−3 [31, 32]. We stress, that in the LS and Shen et al. EOSs no
medium effects on the α-particles are included either. However, we still achieve the dissolution of the light clusters
close to saturation density by the excluded volume description. We did a comparison of the composition with detailed
medium effects of Ref. [32] to our NSE model in which we included only the same light cluster up to A ≤ 4. For T = 10
MeV and Yp = 0.5 we find that light clusters exist up to larger densities and appear with larger maximum fractions
but the overall qualtitative behavior is similar. For T = 4 MeV and Yp = 0.5 the differences are more pronounced, as
our NSE model with excluded volume and interactions of the nucleons behaves similar to an ideal-gas NSE, almost
until saturation density is reached. However, in the full calculation with all possible nuclei, for temperatures T < 10
MeV and large densities heavy nuclei appear before the nucleon gas becomes very dense. A more detailed comparison
of the NSE model with the works of [31, 32] would be an interesting study.
At larger densities the free energy of the NSE model becomes larger than in the EOSs of LS and Shen et al. We
attribute this result to the limited description of the heavy nuclei due to the mass table used. Close to saturation
density, the excluded volume effects become so strong that they can be seen directly in the EOS, e.g. by an increased
pressure. At slightly larger densities the uniform nuclear matter phase sets in, with the mixed phase given by a
Maxwell construction. The chosen description of the phase transition to uniform nuclear matter leads to a continuous
behavior of the free energy, the energy density and the entropy, the pressure and the total baryon chemical potential
which are first derivatives of the free energy. The second derivatives behave discontinuously. We note that with
the inclusion of trapped neutrinos in weak equilibrium the constant pressure plateau of the Maxwell construction is
smeared out.
V. OUTLOOK
Finally, we conclude that the NSE model presented here gives a good description of matter in supernovae across
all relevant densities. Still, many aspects of the model can and have to be improved. First of all, a more elaborated
description of the nontrivial temperature effects on the nuclei is wanted. Obviously, the approach presented is a very
crude treatment of the temperature effects in nuclei. However, in Ref. [76] it was shown, that the NSE composition
is rather insensitive to the nuclear partition function. The authors of Ref. [76] compared a NSE composition which
is based on the ground-state partition function to the composition obtained with the detailed calculations of nuclear
partition functions of Rauscher and Thielemann [77, 78, 79], and found only minor differences. Also in Ref. [47] it
was stated that the effect of nuclear excited states is not very large. However, we found in a tentative analysis that
the inclusion of excited states of the light nuclei has a significant effect on the EOS at large temperatures, which has
to be studied further. It would be very attractive to use the detailed internal partition functions in the tabular form
of Rauscher [77, 78, 79] and to compare the results with the simple semi-empirical degeneracy function used here.
A mass table which includes also super-heavy nuclei, up to say A ∼ 500, is in principle necessary. With the mass
table used here the model is too restrictive for very large densities where the heaviest nuclei appear. Also for low
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Yp < 0.1, where the nuclei become very neutron rich we are limited to nuclei above the neutron drip, restricting Z/A
from below. Furthermore, at such low Yp the free nucleon density becomes large, resulting in a possible modification
of the nuclear binding energies which is not taken into account here. Also at intermediate temperatures T ∼ 5 MeV
nuclei and unbound nucleons appear with similar abundance so that the influence of the unbound nucleons on the
nuclear structure could be important. Due to the same reasons, in the case of cold deleptonized neutron stars where
the proton fraction is very low, the composition of the NSE model is only robust at densities not much higher than
the neutron drip density.
For the transition to uniform nuclear matter a Gibbs-construction based only on local charge neutrality is needed.
Then the baryon density as well as the proton fraction could adjust in the non-uniform and the uniform nuclear matter
phase. The phase transition would become smoother and the pressure would not be constant in the mixed phase any
more. Furthermore, as the uniform nuclear matter phase can be interpreted as an infinitely large nucleus, we expect
that with the use of the Gibbs-construction the restriction of the mass table would not play such an important role
any more.
Because of the analytic formulation of the thermodynamic quantities it is possible to derive the second derivatives
of the free energy of the NSE model, which are of great interest for applications of the EOS. These second derivatives,
as e.g. the heat capacity, can be expressed as simple functions of the three different components (nucleons, electrons
and nuclei). Thus additional root findings are, if at all, only required for the evaluation of the second derivatives of
the different components, which are rather easy to perform, but not for the system as a whole. We leave the derivation
and discussion of the second derivatives for future studies.
The underlying assumptions in the NSE model for the excluded volume corrections which are used here are not
the only possible ones. Currently the authors are exploring other possibilities which could give a more realistic
description of the medium effects. Another major change would be the possibility to develop an extended model
which combines the presented interacting NSE model with the Statistical Multifragmentation Model of Botvina and
Mishustin [37, 40, 41]. This could improve the high density and high temperature behavior as it would allow to
include weakening of shell effects at large temperatures or the appearance of super-heavy nuclei.
The advantages of a NSE description are obvious. Most importantly, the SNA gives per se only an averaged approx-
imation of the real composition and ignores shell effects. It would be interesting to further explore the consequences of
the NSE model on electron and neutrino emission-, absorption- and scattering-reactions. Furthermore the NSE model
is very fast, accurate and rather easy to handle. This allows to construct new EOS tables relatively quickly. Different
parameterizations and models for the nuclear interactions as well as different mass tables can be implemented. The
final aim of this work is to provide complete EOS tables, after the above limitations have been examined further,
which then can be used in numerical simulations of core-collapse SN and other astrophysical systems. In addition to
the EOS tables we will provide a computer program which calculates the full nuclear distributions. For exploratory
studies an EOS table based on the current version of the NSE model is available from the authors upon request. It
would be interesting to examine the consequences of a modified low- as well as a modified high-density behavior of the
EOS within simulations. In addition, our simple EOS can be used as a reference for comparison with more elaborated
models which focus on certain aspects of the SN EOS.
The EOS derived in this work is not only of interest for supernova, but also for many other astrophysical scenarios
in which similar thermodynamic conditions occur, as e.g. neutron star mergers, collapsar model for gamma-ray bursts,
accreting neutron stars or proto-neutron stars. The NSE model may especially be useful for the seed composition in
nucleosynthesis calculations. The EOS of our statistical model directly contains the abundance patterns of the nuclei
in a consistent way. The passing of matter through the liquid-gas phase transition region in which various nuclei are
formed could be seen as a preprocess for the standard r-process nucleosynthesis process as noted in [38, 45]. The
main characteristic features of the solar element abundances appear already in the element distributions of statistical
models. Especially the formation of very heavy and super-heavy nuclei, as shown in Fig. 11, is an interesting aspect
by itself. Within supernova matter, especially because of the screened Coulomb forces of the nuclei and the large
electron degeneracy, heavy nuclei are favored. If their vacuum-lifetimes were long enough they could possibly survive
the supernova and could be present in cosmic rays, detectable here on earth. Besides the astrophysical context, our
NSE model could be applied for low-energy heavy ion collisions for the description of statistical multifragmentation.
It would be very attractive to compare our theoretical predictions with other existing models as e.g. [36, 37] and
experimental data.
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